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Abstract
If I is an ideal of a ring R, we say that idempotents lift strongly modulo I if, whenever a2 −a ∈ I ,
there exists e2 = e ∈ aR (equivalently e2 = e ∈ Ra) such that e − a ∈ I . The higher socles of R
all enjoy this property, as does the Jacobson radical J if idempotents lift modulo J . Many of the
useful, basic properties of lifting modulo J are shown to extend to any ideal I with strong lifting,
and analogs of the semiperfect and semiregular rings are studied. A number of examples are given
that limit possible extensions of the results.
 2004 Elsevier Inc. All rights reserved.
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One of the most used general methods for determining the structure of a ring R is to
first determine the structure of an image ring R/I where I is an ideal of R, and then
“lift” this structure to R. This often comes down to “lifting idempotents” because many
structural features of a ring are described in terms of idempotents. The most useful choice
of the ideal in this process has been the Jacobson radical J = J (R). One reason for the
popularity of J is that, if idempotents lift modulo J , then they lift in the following stronger
sense: If I is an ideal of a ring R, we say that idempotents can be lifted strongly modulo I
if, whenever a2 − a ∈ I , there exists e2 = e ∈ aR such that e − a ∈ I . This concept turns
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seems to be the natural requirement for ideals other than J , and the most useful properties
of lifting modulo J extend. Among others, the following theorems are proved:
Theorem. Idempotents lift strongly modulo all the higher socles of a ring.
Theorem. A ring R is an exchange ring if and only if idempotents lift strongly modulo
every right (respectively left) ideal of R.
If I is an ideal of R, the ring R will be called I -semiperfect (respectively I -semiregular)
if R/I is semisimple (respectively regular) and idempotents lift strongly modulo I . We say
that I respects a right ideal T if T = eR ⊕ S where e2 = e and S ⊆ I , and we prove:
Theorem. R is I -semiregular if and only if I respects every principal (respectively finitely
generated) right ideal of R.
Theorem. R is I -semiperfect if and only if I respects every right ideal of R.
Theorem. R is I -semiperfect if and only if : (1) R contains no infinite set of orthogonal
idempotents outside I ; and (2) every right ideal not contained in I contains an idempotent
not in I .
We also show that I -semiregularity and I -semiperfectness are inherited by related rings
in a natural way; in fact, they are Morita invariants if I is the Jacobson, Baer (prime) or
Levitzky radical. The paper concludes with a discussion of the case where I is the Goldie
torsion right ideal Zr2 of R:
Theorem. R is Zr2-semiperfect if and only if Zr2 respects every maximal right ideal of R;
if and only if every nonsingular right R-module is injective.
Throughout this paper, every ring R is associative with unity and all modules are uni-
tary. If M is an R-module, we write J (M), soc(M) and Z(M) for the Jacobson radical, the
socle, and the singular submodule of M , respectively. We write N ⊆ess M and N ⊆⊕ M
if N is an essential submodule of M , respectively a direct summand of M . When no con-
fusion results, we abbreviate J (R) = J , soc(RR) = Sr , and Z(RR) = Zr . We write the
Goldie torsion right ideal of R as Zr2, where Z(R/Zr) = Zr2/Zr , with a similar notation on
the left. The left and right annihilators of a subset X ⊆ R are denoted by l(X) and r(X),
respectively, and we write I  R to indicate that I is a two-sided ideal of R. We write Z
for the ring of integers and Zn for the ring of integers modulo n. A ring, possibly with no
unity is called a general ring. We denote the ring of n× n matrices over R by Mn(R).
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If I is a left or right ideal of R, we say that idempotents lift modulo I if, whenever
a2 − a ∈ I , a ∈ R, there exists e2 = e ∈ R such that e − a ∈ I . We extend this notion as
follows:
Lemma 1. The following are equivalent for a right ideal T of R:
(1) If a2 − a ∈ T , there exists e2 = e ∈ aR such that e − a ∈ T .
(2) If a2 − a ∈ T , there exists e2 = e ∈ aRa such that e − a ∈ T .
(3) If a2 − a ∈ T , there exists e2 = e ∈ Ra such that e − a ∈ T .
Proof. Write r ≡ s to mean r − s ∈ T , so that r ≡ s implies rx ≡ sx for all x ∈ R.
(1) ⇒ (2). If a2 ≡ a then (a2)2 −a2 = (a2 −a)(a2 +a) ∈ T so, by (1), choose e2 = e ∈
a2R such that e ≡ a2 ≡ a. Write e = a2x, where we may assume xe = x, and define f =
axa ∈ aRa. Then f 2 = ax(a2x)a = axea = f and f = a(xa) ≡ a2(xa) = ea ≡ a2 ≡ a.
This proves (2).
(3) ⇒ (1). Let a2 ≡ a and, by (3), choose e2 = e ∈ Ra such that e ≡ a. Write e = ya
where ey = y. Then yay = ey = y so, if we define f = ay, then f 2 = f ∈ aR and f a =
(ay)a = a(ya) = ae. Now observe that af = a(ay) = a2y ≡ ay = f , and so
f a ≡ (af )a = a(f a) = a(ae) = a2e ≡ ae ≡ e2 = e ≡ a.
Hence if we define g = f + f a(1 − f ) then g2 = g ∈ fR ⊆ aR and
g = f + f a − (f a)f ≡ f + a − af ≡ f + a − f = a.
This proves (1). 
Note that, by passing from a to am where m  1, we can show that e in (2) can be
chosen in amRam.
Following [7], we say that a right ideal T is strongly lifting, or that idempotents lift
strongly modulo T , if the conditions in Lemma 1 are satisfied. The definition for left ideals
is analogous. We will see later (Proposition 7) that every nil right ideal is strongly lifting.
Strong lifting is indeed a stronger requirement than ordinary lifting, even for a commutative
ring: Consider R = Z and I = pkZ, p a prime number, k  1. More generally:
Example 2. Let I R and suppose that 0 and 1 are the only idempotents in R and in R/I .
If I = R, and I  J , then idempotents lift modulo I , but not strongly.
Proof. Idempotents lift modulo I because the only idempotents in R/I are 0 and 1. Since
I  J , choose b ∈ I such that 1 − b has no right inverse. If a = 1 − b then a2 − a =
b2 − b ∈ I , and 0 does not lift a because I = R. Hence 1 is the only idempotent lifting a
and 1 /∈ aR. 
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Proof. Write I = fR and X = (1−f )R where f 2 = f . Given a2 −a ∈ I , write a = b+e
where b = f a ∈ I and e = (1 − f )a ∈ X. Then e ∈ Ra and, since e − a ∈ I , it suffices to
show that e2 = e. But e2 − e = (a2 − a)− (b2 + be + eb − b) ∈ I ∩X = 0. 
Recall that a ring R is called an exchange ring if RR (equivalently RR) has the finite
exchange property, and that this is equivalent [9] to the condition that idempotents can be
lifted modulo every left (respectively right) ideal of R. This lifting is in fact strong.
Theorem 4. A ring R is an exchange ring if and only if every right (respectively left) ideal
of R is strongly lifting.
Proof. If R is an exchange ring and T is a right ideal of R, let a2 − a ∈ T . By [9,
Theorem 2.1] there exists e2 = e ∈ R such that e − a ∈ (a2 − a)R. Hence e ∈ aR and
e − a ∈ T . 
The following lemma extends a result of Khurana and Gupta [5, Proposition 2.4].
Lemma 5. If idempotents can be lifted in R modulo J , then they can be lifted strongly
modulo every one-sided ideal contained in J .
Proof. We prove it for a right ideal T ⊆ J . If a2 − a ∈ T , then choose f 2 = f such
that f − a ∈ J . Then u = 1 − (f − a) is a unit and uf = af . If g = uf u−1 = af u−1
then g2 = g ∈ aR and, since u ≡ 1 (mod J ), we have g ≡ f ≡ a (mod J ). But then
g+ (1−a) = 1+ (g−a) is a unit (since g−a ∈ J ), say 1 = gw+ (1−a)w where w ∈ R.
Define e = g+gw(1−g), so that e2 = e ∈ aR and 1−e = (1−gw)(1−g) = (1−a)w(1−
g) ∈ (1 − a)R. Hence e − a = (1 − a)e − a(1 − e) ∈ (a − a2)R ⊆ T , as required. 
Corollary 6. Let R be a ring and let e2 = e ∈ R. If idempotents lift in R modulo J = J (R)
then they lift in S = eRe modulo J (S).1
Proof. Let a ∈ S satisfy a2 − a ∈ J (S). Since J (S) = eJ e ⊆ J , Lemmas 1 and 5 give
f 2 = f ∈ aRa such that f − a ∈ J . But aRa ⊆ S so f ∈ S, and hence f − a ∈ S ∩ J =
J (S). 
An element a is called regular if aba = a for some b; a one-sided ideal is called π -
regular if some power of each element is regular. The following result is due to Menal [6,
Lemma 3] in the case of two-sided ideals; we include a short proof for completeness.
Proposition 7. Every π -regular right ideal (and hence every nil right ideal) is strongly
lifting.
1 Hence the (open) question whether “lifting idempotents modulo the Jacobson radical” is a Morita invariant
becomes: If idempotents lift in R modulo J (R), do they lift in S = M2(R) modulo J (S)?
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a)m ⊆ amRam for some m 1. Multiplying by (1+a+· · ·+am−1)m gives (am+1 −a)m ∈
amRam, whence am ∈ amRam, say amxam = am. Then am(x + 1 − amx)am = am, so
define e = am(x + 1 − amx) ∈ aR. Hence e2 = e and e − am ∈ (am − a2m)R. But a2 ≡ a
(mod T ) so ak ≡ al (mod T ) for all k, l  1. It follows that e ≡ am ≡ a (mod T ), as
required. 
The following result reveals one way to “enlarge” an ideal for which idempotents lift
strongly.
Proposition 8. Let N ⊆ I be ideals of R and write R = R/N and I¯ = I/N .
(1) If N and I¯ are strongly lifting in R and R, respectively, then I is strongly lifting in R.
(2) If every element of I is the sum of an element of N and a π -regular element of R, and
if N is strongly lifting, then I is strongly lifting.
(3) If N R is strongly lifting and K R is π -regular, then K +N is strongly lifting.
Proof. Let a2 − a ∈ I . We have a¯2 − a¯ ∈ I¯ so, by hypothesis, there exists x¯2 = x¯ ∈ a¯R
such that x¯ − a¯ ∈ I¯ . We may assume that x ∈ aR, and x − a ∈ I because N ⊆ I . As
x2 − x ∈ N , there exists e2 = e ∈ xR such that e − x ∈ N . Thus e ∈ aR and e − a =
(e − x)+ (x − a) ∈ N + I = I . This proves (1); now (2) and (3) are easy consequences of
(1) and Proposition 7. 
Question. If K and N are strongly lifting ideals, is K +N strongly lifting?
We are going to apply Proposition 8 to prove that the right socle Sr is always strongly
lifting.
Lemma 9. Let N be the sum of all nilpotent simple right ideals of a ring R.
(1) N is an ideal of R and N2 = 0.
(2) If Sr = N ⊕ P and XR ⊆ P is finitely generated, then X = eR where e2 = e.
Proof. (1) is a routine computation. As to (2), let X = fR ⊕ K , f 2 = f , K simple, and
write L = (1−f )K . Then L = 0 because K  fR. Hence L is simple, and L2 = 0 because
L  N ∩ P = 0. By induction, L = gR with g2 = g, and fg = 0. Thus e = f + g − gf
satisfies e2 = e ∈ X, so eR ⊆ X. On the other hand, X = fR + K = fR + (1 − f )K =
fR + gR ⊆ eR because f = ef and g = eg. Hence X = eR. 
Define the Loewy chain of higher socles Sαr , α an ordinal, by S0r = 0, Sα+1r /Sαr =
soc(R/Sαr ), and Sαr =
⋃
β<α S
β
r if α is a limit ordinal. Thus S1r = Sr , and Sαr  R for
each α. The result that Sr is lifting is due to Baccela [2].
Theorem 10. The right socle Sr is strongly lifting in any ring; in fact Sαr is strongly lifting
for each ordinal α.
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lifting if α = 0,1; assume α  2. If α is a limit ordinal and a2 − a ∈ Sαr then a2 − a ∈ Sβr
for some β < α. Hence, by induction, there exists e2 = e ∈ aR satisfying e− a ∈ Sβr ⊆ Sαr .
On the other hand, if α = β + 1 then Sβr is strongly lifting in R by induction, and Sαr =
Sαr /S
β
r = soc(R) is strongly lifting in R = R/Sβr by the case α = 1. So we are done by
Proposition 8. 
A general ring R is called an exchange ring [1, Theorem 1.2] if, for each a ∈ R, there
exists e2 = e ∈ R such that e = ra = s + a − sa where r, s ∈ R. In the standard unital ring
R1 with R R1, this is equivalent to e ∈ Ra and 1−e ∈ R(1−a). Two classes of exchange
ideals are automatically strongly lifting—the π -regular ideals (by [1, Example (3), p. 412])
and the higher socles Sαr (by [2, Theorem 1.4, p. 139])—so it is natural to ask if every
exchange ideal is strongly lifting. As the Jacobson radical is an exchange ideal, the answer
is “no”, but a natural question is:
Question. If idempotents lift modulo an exchange ideal, do they lift strongly?
2. Properties of strong lifting
In this section, a number of useful properties, known to hold for J when idempotents lift
modulo J , are extended to any ideal I that is strongly lifting. Call an ideal idempotent-free
if it contains no nonzero idempotent.
Proposition 11. Let I R and write R = R/I and a¯ = a + I for each a ∈ R. Assume that
I is strongly lifting and that {a¯1, a¯2, . . . , a¯n} are orthogonal idempotents in R.
(1) For each n  1, there exist orthogonal idempotents {e1, e2, . . . , en} in R such that
e¯i = a¯i and ei ∈ aiR for each i = 1,2, . . . , n.
(2) If I is idempotent-free and a¯1 + a¯2 + · · · + a¯n = 1¯, we can choose orthogonal idempo-
tents ei ∈ aiR for each i such that e1 + e2 + · · · + en = 1.
Proof. By Lemma 1, there exist g2i = gi ∈ aiR with g¯i = a¯i for each i, so we may assume
that a2i = ai for each i. If n = 1, take e1 = a1. If {e1, . . . , en−1} have been constructed
inductively as in (1), write e = e1 + · · · + en−1. Then a¯ne¯ = 0¯ = e¯a¯n because e¯ = a¯1 +
· · ·+ a¯n−1. Hence an(1 − e) = a¯n so, by Lemma 1, choose f 2n = fn ∈ an(1− e)Ran(1− e)
such that f¯n = an(1 − e) = a¯n. Then fnei = fn(eei) = (fne)ei = 0ei = 0 for each i < n.
Hence, if we define fi = ei(1 − fn) ∈ aiR for each i < n, then f 2i = fi , fifn = 0, and
fnfi = fnei(1 − fn) = 0. This shows that {f1, . . . , fn−1, fn} is orthogonal. Finally, f¯i =
e¯i − e¯i f¯n = a¯i − a¯i a¯n = a¯i for each i < n, so can use the fi in (1).
As to (2), if ∑ni=1 a¯i = 1¯ then 1 − ∑ni=1 ei is an idempotent in I , so we have 1 =∑n
i=1 ei by hypothesis. 
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primitive if and only if e¯ = e + I is primitive in R/I .
We do not know if (1) in Proposition 11 holds for a countably infinite2 set of orthogonal
idempotents ai modulo I , even if I = J . However, we do have the following result.
Proposition 13. Let I  R and write R = R/I and a¯ = a + I for each a ∈ R. Assume
that {a¯1, a¯2, . . .} are orthogonal idempotents in R and that I is strongly lifting. Then there
exist orthogonal idempotents {e1, e2, . . .} in R such that e¯i = a¯i and ei ∈ RaiR for each
i = 1,2, . . . , n.
Proof. As in the proof of Proposition 11, we may assume that a2i = ai for each i.
If {e1, . . . , en−1} have been constructed inductively with ei ∈ RaiR for each i, write
e = e1 + · · · + en−1 and choose f 2n = fn as before. If we define en = (1 − e)fn then it
is routine to verify that en ∈ RanR and that {e1, . . . , en−1, en} is an orthogonal set of idem-
potents. Since e¯n = f¯n − e¯f¯n = a¯n − 0¯ = a¯n, the induction goes through. 
We do have a version of Proposition 11 in the countably infinite case if we weaken the
orthogonality requirement. We need the following lemma.
Lemma 14. Assume that idempotents lift strongly modulo I  R. Let e2 = e and b be
elements of R such that b¯2 = b¯ and b¯e¯ = 0¯ in R/I . Then there exists f 2 = f ∈ bR such
that f¯ = b¯ and f e = 0.
Proof. Write a = b(1 − e). Then a¯ = b¯, so a2 − a ∈ I . Hence there exists f 2 = f ∈ aRa
such that f¯ = a¯. Thus f ∈ aR ⊆ bR, f¯ = a¯ = b¯, and f e ∈ aRae = 0. 
Call a set of idempotents {e1, e2, . . .} right orthogonal if ej ei = 0 whenever j > i.
Define a binary operation on R by a◦b = a+b−ab. This is associative, with unity 0, and if
e and f are idempotents with f e = 0, then g = e◦f is an idempotent such that e, f ∈ gRg.
More generally, if {e1, e2, . . . , en} is right orthogonal, then g = e1 ◦ e2 ◦ · · · ◦ en−1 ◦ en is
an idempotent and ei ∈ gRg for each i = 1,2, . . . , n.
Proposition 15. Assume that idempotents lift strongly modulo I  R. If {a¯1, a¯2, . . .} are
countably many orthogonal idempotents in R/I , there exist right orthogonal idempotents
{e1, e2, . . .} in R such that ei ∈ aiR and e¯i = a¯i for each i.
Proof. Since a21 − a1 ∈ I , choose e21 = e1 ∈ a1R such that e¯1 = a¯1. Since {e1} is auto-
matically right orthogonal, this starts an induction. In general, assume {e1, e2, . . . , en} are
right orthogonal idempotents such that ei ∈ aiR and e¯i = a¯i for each i = 1,2, . . . , n. Write
e = e1 ◦ e2 ◦ · · · ◦ en and b = an+1. Then b¯e¯ = a¯n+1e¯ = 0¯ because e¯ is a Z-combination
2 An example of Zelinsky [12, Example A] shows that it is not possible to lift arbitrary sets of orthogonal
idempotents.
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and f e = 0. Then f ∈ an+1R, f¯ = a¯n+1 and f ei = f (eei) = (f e)ei = 0ei = 0 for each
i = 1,2, . . . , n. Hence the inductive construction goes through with en+1 = f . 
The next result characterizes strong lifting in terms of direct decompositions into right
ideals.
Proposition 16. If I  R, write R = R/I and r¯ = r + I for r ∈ R. The following are
equivalent:
(1) I is strongly lifting.
(2) If R = a¯1R ⊕ · · · ⊕ a¯nR then R = T1 ⊕ · · · ⊕ Tn where Ti ⊆ aiR is a right ideal for
each i.
(3) Same as (2) with n = 2.
Proof. (1) ⇒ (2). Let 1¯ = a¯1r¯1 +· · ·+ a¯nr¯n and write gi = airi for each i. Then g¯1, . . . , g¯n
are orthogonal idempotents in R and g¯1 + · · · + g¯n = 1¯. Hence, by Proposition 11, choose
e2i = ei ∈ giR ⊆ aiR such that {e1, . . . , en} is orthogonal and e1 + · · · + en = 1. Now (2)
follows with Ti = eiR.
(3) ⇒ (1). Let a2 − a ∈ I so that R = a¯R¯⊕ b¯R where b = 1 − a. By (3), let R = T ⊕ S
where T and S are right ideals, T ⊆ aR, and S ⊆ bR. Write T = fR and S = (1 − f )R
where f 2 = f . Then f¯ R ⊆ a¯R and (1¯ − f¯ )R ⊆ b¯R, and it follows that f¯ R = a¯R. Hence
f¯ a¯ = a¯ and a¯f¯ = f¯ so, if e = f +f a−f af , we have e2 = e ∈ aR and e¯ = f¯ + a¯− a¯f¯ =
a¯. This proves (1). 
Note that the case n = 1 of (2) in Proposition 16 does not imply that I is strongly lifting
(take R = Z and I = 2Z).
Recall that a set {eij | 1  i, j  n} ⊆ R is called a set of matrix units in a ring R if∑n
i=1 eii = 1 and eij ekm = δjkeim for all i, j, k,m, where δjk is the Kronecker symbol.
Lemma 17. Let I  R and assume that idempotents lift strongly modulo I and that I is
idempotent-free. Write R = R/I and r¯ = r + I for r ∈ R.
(1) If e and f are idempotents in R and there exist a¯ ∈ e¯Rf¯ and b¯ ∈ f¯ Re¯ such that e¯ = a¯b¯
and f¯ = b¯a¯, we may assume that e = ab, f = ba, a ∈ eRf , and b ∈ fRe.
(2) If {g¯ij | 1 i, j  n} are matrix units in R, there exist matrix units {eij | 1 i, j  n}
in R such that e¯ij = g¯ij for all i and j .
Proof. (1) If e, f, a and b are as given, we may assume that a ∈ eRf and b ∈ fRe. Since
ab is an idempotent modulo I, Lemma 1 gives e21 = e1 ∈ abRab such that e¯1 = ab = e¯.
Then e1 ∈ eRe, so e− e1 is an idempotent in I . It follows that e = e1 ∈ aRb, say e = axb,
where we may assume that x ∈ fRf . Write b′ = xb, so that e = ab′ and b′ ∈ fRe. It
remains to show that b′ = b¯ and f = b′a. Observe first that x = f xf ≡ baxba = bea =
ba ≡ f (mod I ). Hence b′ = xb ≡ f b = b. Finally, (f − b′a)2 = f − 2b′a + b′ea =
f − b′a, and we are done because b′a = xba ≡ f ba = ba ≡ f .
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i=1 eii = 1 and e¯ii = g¯ii for each i. Since g¯iiR ∼= g¯11R, (1) shows that we can write
eii = ai1a1i and e11 = a1iai1, where ai1 ∈ eiiRe11, a1i ∈ e11Reii , a¯i1 = g¯i1, and a¯1i = g¯1i .
If we define eij = ai1a1j for all i and j , then {eij | 1 i, j  n} is a set of matrix units in
R and e¯ij = g¯ij for all i and j . 
Theorem 18. Let I  R and assume that idempotents lift strongly modulo I and that I is
idempotent-free. Write R = R/I and r¯ = r + I for r ∈ R.
(1) If e2 = e and f 2 = f then eR ∼= fR if and only if e¯R ∼= f¯ R.
(2) If R/I ∼= Mn(S) then R ∼= Mn(eRe) where e2 = e ∈ R, ReR = R, and eRe/eIe ∼= S.
Proof. (1) is immediate by Lemma 17. To prove (2), choose a set {g¯ij | 1  i, j  n} of
matrix units in R such that S ∼= g¯11Rg¯11. By Lemma 17, let {eij | 1 i, j  n} be matrix
units in R such that e¯ij = g¯ij for all i and j . Then R ∼= Mn(e11Re11) and the map r → r¯
is an onto ring morphism e11Re11 → g11Rg11 with kernel e11Ie11. Since Re11R = R, (2)
follows with e = e11. 
3. I -semipotent rings
A ring R is called semipotent if each one-sided ideal not contained in J contains a
nonzero idempotent, and R is called potent if, in addition, idempotents lift modulo J . The
semipotent rings generalize as follows:
Lemma 19. The following are equivalent for I R:
(1) If T  I is a right (respectively left) ideal there exists e2 = e ∈ T − I .
(2) If a /∈ I there exists e2 = e ∈ aR − I (respectively e ∈ Ra − I ).
(3) If a /∈ I there exists x ∈ R such that xax = x /∈ I .
Proof. The left versions of (1) and (2) follow from the symmetry in (3), and (1) ⇒ (2) is
clear.
(2) ⇒ (3). Given a /∈ I , let e2 = e ∈ aR−I as in (2), and write e = ar , r ∈ R. If x = rar
then x = xax and x /∈ I because ax = e /∈ I .
(3) ⇒ (1). If T  I is a right ideal, let a ∈ T − I . Then (3) gives x ∈ R such that
xax = x /∈ I . If e = ax then e2 = e ∈ aR ⊆ T and e /∈ I because xe = x /∈ I . 
If R is a ring and I  R, we say that R is I -semipotent if the conditions in Lemma 19
are satisfied, and say that R is I -potent if it is I -semipotent and idempotents lift strongly
modulo I . Thus the semipotent (potent) rings are just the J -semipotent (J -potent) rings.
A ring is 0-potent if every nonzero right (equivalently left) ideal contains a nonzero
idempotent. Clearly, every regular ring is 0-potent, as is every semiprime ring with essen-
tial right socle. On the other hand, if R = {〈a1, . . . , an, s, s, . . .〉 | ai ∈ R, n  1, s ∈ Z},
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but R is not regular.
Proposition 20. If R is I -semipotent then R/I is 0-potent; the converse holds if I is
strongly lifting.
Proof. The first implication is clear. If T  I is a right ideal, then let 0¯ = a¯2 = a¯ ∈ T¯ =
(T + I )/I . We may assume that a ∈ T . If I is strongly lifting, choose e2 = e ∈ aR such
that e − a ∈ I . Thus e ∈ T − I , so R is I -semipotent. 
An idempotent e = 0 in a ring R is called a local idempotent if eRe is a local ring.
Local idempotents are primitive, but the converse fails (consider Z). Conditions when the
converse holds are always of interest:
Proposition 21. If I R and R is I -semipotent, the following are equivalent for an idem-
potent e ∈ R such that e /∈ I :
(1) e is primitive.
(2) If T ⊆ eR is a right ideal and T  I then T = eR.
(3) If L ⊆ Re is a left ideal and L  I then L = Re.
(4) e is local. In this case eIe = eJ e.
Proof. We prove (1) ⇒ (2) ⇒ (4) because (4) ⇒ (1) is clear and the symmetry in (4) gives
(3).
(1) ⇒ (2). Let T ⊆ eR be a right ideal. Since R is I -semipotent, choose f 2 = f ∈ T −I .
Then f ∈ eR, so eR = fR ⊕ (eR ∩ (1 − f )R), and we have eR = fR by (1). It follows
that T = eR.
(2) ⇒ (4). Let a ∈ eRe − eIe. Then a /∈ I , so aR = eR by (2), say e = ar . Hence
e = ab where b = ere. But b /∈ eIe because e /∈ I so, in the same way, e = bc for some
c ∈ eRe. Thus eRe − eIe consists of units of eRe. But then if x ∈ eIe then e − x /∈ eIe
because e /∈ I , and so e−x is a unit in eRe. Hence eIe ⊆ J (eRe) = eJ e, and so eIe = eJ e
because J (eRe) contains no units. Thus e is local, proving (4) and the last sentence. 
The following result is needed below.
Theorem 22. If R is I -semipotent, I  R, then primitive idempotents in R/I lift strongly
to R.
Proof. Write R = R/I and r¯ = r + I for r ∈ R. Let a¯ be a primitive idempotent in R.
Then aR  I , so let f 2 = f ∈ aR − I . Then 0¯ = f¯ ∈ a¯R, so f¯ R = a¯R because a¯ is
primitive and we have a¯f¯ = f¯ and f¯ a¯ = a¯. If e = f + f a − f af then e2 = e ∈ aR and
e¯ = f¯ + a¯ − a¯f¯ = a¯. 
Example 23. There exists a commutative I -semipotent ring R where idempotents lift mod-
ulo I but not strongly.
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and n¯ = n1¯ for all n ∈ Z. Let R denote the following subring of Q:
R = {(n, n¯2, n¯3, . . . , n¯k, n¯, n¯, . . .) | n,ni ∈ Z, k  2}.
If e = (m, m¯2, m¯3, . . . , m¯k, m¯, m¯, . . .) in R then e2 = e if and only if m = 0 or m = 1.
Take I = {(2m, 0¯, 0¯, . . .) | m ∈ Z}  R. Given x = (n, n¯2, . . . , n¯k, n¯, n¯, . . .) in R, there
exists e2 = e ∈ R such that x − e ∈ I [if n is odd take e = x − (n − 1, 0¯, 0¯, . . .);
if n is even take e = (0, n¯2, . . . , n¯k, 0¯, 0¯, . . .)]. Hence idempotents certainly lift mod-
ulo I . To see that they do not lift strongly, let z = (3, 1¯, 1¯, . . .) ∈ R, so z2 − z ∈ I . If
e = (m, m¯2, m¯3, . . . , m¯k, m¯, m¯, . . .) is an idempotent in zR with e − z ∈ I , then m = 0,1
because e2 = e, and m is odd because e − z ∈ I . Hence m = 1. But then 1 = m = 3t for
some t ∈ Z because e ∈ zR, a contradiction.
Finally, we show that R is I -semipotent. Suppose that x = (n, n¯2, . . . , n¯k, n¯, n¯, . . .) /∈
I . We construct e = e2 ∈ Rx − I as follows: If n is odd then take e = yx where y =
(0, 0¯, . . . , 0¯, 1¯k+1, 0¯, . . .); if n is even then n¯i = 1¯ for some 2 i  k (because x /∈ I ), so
take e = yx where y = (0, 0¯, . . . , 0¯, 1¯i · · · , 0¯, 0¯, 0¯, . . .). 
To give an I -semipotent ring in which idempotents do not lift modulo I , we need
the following notion. Let R be a ring and let V = RVR be a bimodule that is a general
ring. The ideal extension I(R,V ) is the direct sum I(R,V ) = R ⊕ V with multiplication
(r, v)(s,w) = (rs, rw + vs + vw).
Example 24. There exists a commutative ring R that is 0-semipotent and which contains
I R such that R/I ∼= Z6, but idempotents do not all lift modulo I .
Proof. Let R = I(Z,V ) where V = ⊕i{Zpi | pi the ith prime}, and let I = {(n, v) |
n ∈ 6Z and v ∈ V }. Clearly I  R and R/I ∼= Z6; we claim that idempotents do
not lift modulo I . Indeed, (3,0)2 − (3,0) = (6,0) ∈ I but if (n, v)2 = (n, v) satisfies
(3,0) − (n, v) ∈ I then n = 0 or n = 1 and we have either 3 − 1 ∈ 6Z or 3 − 0 ∈ 6Z,
a contradiction.
It remains to show that (n, v)R contains a nonzero idempotent whenever (n, v) = 0
in R. Indeed, if n = 0 then v = 0, say v = vk +w where 0 = vk ∈ Zpk and w ∈
⊕
i>k Zpi .
If y is the inverse of vk in Zpk then (0, v)(0, y) = (0, vy) = (0, vky) is idempotent. If n = 0
then v ∈⊕ik Zpi for some k, so we may choose j > k such that n and pj are relatively
prime. If 1¯pj is the unity of Zpj then v1¯pj = 0 in V and n¯ = n1¯pj is a unit in Zpj , say
1¯pj = n¯l¯ = nl¯. Hence (n, v)(0, l¯) = (0, nl¯ + vl¯) = (0, nl¯) = (0, 1¯pj ) is an idempotent in
(n, v)R. 
Example 25. There exists a commutative semipotent ring R where idempotents do not lift
modulo J .
Proof. Let T be a commutative ring with only two maximal ideals M1 and M2 such
that idempotents do not lift modulo J (T )—for example, T = {m ∈ Q | 6  n}. Letn
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fine V = V1 ⊕ V2, and let R = I(T ,V ) be the ideal extension. If I = {(t,0) | t ∈ J (T )}
then I  R and I ⊆ J (R) because J (T )V = V J(T ) = 0. It follows from the following
claim that I = J (R)
Claim. R is I -semipotent.
Proof. Let r = (t, x) ∈ R − I . We prove that rR contains a nonzero idempotent by con-
sidering three cases:
Case 1: x = 0. Then t ∈ T − J (T ). We can assume that t /∈ M1. If l1 is the identity of
T1, then t l1 is a unit in T1; so t l1y = l1 = ty for some y ∈ T1. Thus, (t,0)(0, y) = (0, ty) =
(0, l1) is an idempotent in rR.
Case 2: x = 0 and t ∈ J (T ). Without loss of generality, we can assume that x = (xi1 +· · · + xik ) + v2 where v2 ∈ V2 and 0 = xij ∈ Tij for j = 1, . . . , k. Let li1 be the identity of
Ti1 and let y ∈ Ti1 be the inverse of xi1 in Ti1 . Then (t, x)(0, y) = (0, ty + xy) = (0, xy) =
(0, li1) is an idempotent in rR.
Case 3: x = 0 and t ∈ R− J (T ). We may assume that t /∈ M1. Write x = v1 + v2 where
v1 ∈⊕ki=1 Ti for some k and v2 ∈ V2. Let l be the identity in Tk+1. Then t l is a unit in Tk+1.
Let y be the inverse of t l in Tk+1. Then (t, x)(0, y) = (0, ty + xy) = (0, ty) = (0, t l · y) =
(0, l) is an idempotent in rR.
This proves the claim. 
Finally, by the choice of T there exists a ∈ T such that a2 −a ∈ J (T ) but no idempotent
in T lifts a modulo J (T ). Thus (a,0)2 − (a,0) = (a2 − a,0) ∈ I . Assume that there
exists (t, x)2 = (t, x) ∈ R such that (a,0)− (t, x) ∈ I . Then t2 = t ∈ T and a − t ∈ J (T ),
a contradiction. 
4. I -semiregular and I -semiperfect rings
The topic of lifting idempotents modulo J comes sharply into focus in the study of
semiregular and semiperfect rings. The notion of strong lifting enables a natural extension
of this work for strongly lifting ideals. We begin with a lemma that is implicit in [10] and
proved in [11, Lemma 1.1].
Lemma 26. Let I R. The following are equivalent for a right ideal T of R:
(1) T = eR ⊕ S where e2 = e and S ⊆ I is a right ideal.
(2) There exists e2 = e ∈ T with (1 − e)T ⊆ I .
(3) There exists e2 = e ∈ T with T ∩ (1 − e)R ⊆ I .
Moreover, if e and S are as in (1) then T = eR ⊕ (1 − e)S and R/T ∼= (1 − e)R/(1 − e)S.
If I  R, we say that I respects a right ideal T ⊆ R if the conditions in Lemma 26
are satisfied. Note that if I ⊆ J , this implies that (1 − e)R is a projective cover of R/T .
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M ⊆ I is a left ideal.
Lemma 27. If I R and a ∈ R, then I respects aR if and only if I respects Ra.
Proof. If I respects aR, choose e2 = e ∈ aR such that (1 − e)aR ⊆ I , say e = ar where
r ∈ R and (without loss of generality) re = r . Write f = ra so that f 2 = rara = rea = f
and f ∈ Ra. Moreover, a(1 − f ) = a − ara = (1 − e)a ∈ I , so Ra(1 − f ) ⊆ I . Thus I
respects Ra. 
We say that an element a ∈ R is I -semiregular if I respects aR, that is if e2 = e ∈ aR
exists such that (1 − e)a ∈ I , equivalently if f 2 = f ∈ Ra exists such that a(1 − f ) ∈ I .
The ring R is called an I -semiregular ring if every element is I -semiregular. The following
theorem extends [11, Theorem 1.6].
Theorem 28. The following conditions are equivalent for I R:
(1) R is I -semiregular.
(2) I respects every principal right ideal of R.
(3) I respects every finitely generated right ideal of R.
(4) For any a ∈ R, there exists b ∈ R such that bab = b and a − aba ∈ I .
(5) For any a ∈ R, there exists a regular element d ∈ aR (respectively d ∈ aRa) such that
a − d ∈ I .
(6) R/I is regular and idempotents lift strongly modulo I .
(7) The left-right analogues of (1), (2), (3), and (5).
When these conditions hold we have J ⊆ I .
Proof. By the symmetry in (4) and (6), we need only to prove the equivalence of (1)–(6).
In that case, (J + I )/I ⊆ J (R/I) = 0 because R/I is regular by (6), so J ⊆ I , proving
the last statement. Write R = R/I and r¯ = r + I when r ∈ R.
(1) ⇒ (2). This is by Lemma 26.
(2) ⇒ (3). If T = a1R + · · · + anR, ai ∈ R, then we must find e2 = e ∈ T such that
(1 − e)T ⊆ I . We induct on n, the case n = 1 being (2). If n  2 then (2) gives f 2 =
f ∈ a1R with (1 − f )a1R ⊆ I . Write K = (1 − f )a2R + · · · + (1 − f )anR. Then T =
a1R + K because f ∈ a1R. By induction, choose g2 = g ∈ K such that (1 − g)K ⊆ I . If
e = f + g − gf then e2 = e ∈ T because fg = 0, and so T ∩ (1 − e)R = (1 − e)T . But
1 − e = (1 − g)(1 − f ) and (1 − f )K = K , so
(1 − e)T ⊆ (1 − g)(1 − f )a1R + (1 − g)(1 − f )K ⊆ (1 − g)I + (1 − g)K ⊆ I.
(3) ⇒ (4). Since I respects aR, let e2 = e = ab where (1 − e)a ∈ I . We may assume
be = b, so bab = be = b, and a − aba = a − ea ∈ I .
(4) ⇒ (5). If a ∈ R, choose b as in (4). If d = aba then dbd = d and a − d ∈ I .
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a − d ∈ I where d ∈ aR is regular. If dcd = d , let f = dc. Then f d = d , f 2 = f ∈ aR,
and a¯f¯ = f¯ because f¯ ∈ a¯R and a¯2 = a¯. Now define e = f + f d − f df = f + d − df .
Then e2 = e ∈ aR and, since d¯ = a¯, e¯ = f¯ + a¯ − a¯f¯ = a¯, as required.
(6) ⇒ (1). Let a ∈ R. As R = R/I is regular, let a¯R = x¯R where x¯2 = x¯ ∈ R. We may
assume that x ∈ aR. Since x2 − x ∈ I , (6) gives f 2 = f ∈ xR ⊆ aR such that f − x ∈ I .
Then f¯ R ⊆ a¯R = x¯R = f¯ R, so f¯ R = a¯R and we have fR+I = aR+I . Since fR ⊆ aR,
it follows by the modular law that aR = fR ⊕ (aR ∩ I ). But the modular law also gives
aR = fR⊕S where S = aR∩ (1−f )R. Hence, by Lemma 26, it remains to show S ⊆ I .
Combining these, we obtain S = [fR+ (aR∩ I )]∩ (1−f )R ⊆ (1−f )(aR∩ I ) ⊆ I , and
(1) follows by Lemma 26. 
Hence every ring R is R-semiregular, and the 0-semiregular rings are just the regular
rings. The J -semiregular rings are the semiregular rings by [8, Proposition 2.2], and we
get:
Corollary 29 [8]. The following are equivalent for a ring R:
(1) R is semiregular.
(2) R/J is regular and idempotents lift modulo J .
(3) For all a ∈ R, there exists a regular d ∈ R such that a − d ∈ J .
Proof. Theorem 28 and Lemma 5 give (1) ⇔ (2) ⇒ (3). Given (3), let a − d ∈ J where
d is regular, say d = dcd with c ∈ R. Let f = cd . Then f 2 = f and df = d , so a − af =
(a − d)(1 − f ) ∈ J . Hence it suffices (by Theorem 28 with I = J ) to show that af is
regular. We have f − ca = c(d − a) ∈ J , so u = 1 − f + ca is a unit. Thus f = f 2 =
f u−1uf = f u−1(caf ), so af (u−1c)af = af , as required. 
Theorems 28 and 10 give:
Corollary 30. If R is a ring and α is an ordinal, the following are equivalent:
(1) R is Sαr -semiregular.
(2) For all a ∈ R, there exists a regular d ∈ R such that a − d ∈ Sαr .
(3) R/Sαr is regular.
Example 31. If we take R = Z and I = 2Z, then R/I is regular and idempotents lift
modulo I because R/I is a field. However, R is not I -semiregular by Lemma 33 because
3Z  I but 3Z contains no nonzero idempotent.
Example 32. Let I R and suppose that R = S+I where S is a one-sided ideal consisting
of regular elements of R. Then R is I -semiregular.
Proof. Clearly R = R/I is regular; we show that I is strongly lifting. Assume that S is
a left ideal; the other case is similar. If a2 − a ∈ I , write a = s + x, s ∈ S, x ∈ I . Then
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If f = rs then f 2 = f ∈ Rs, so e = f + (1−f )sf = f + (1−f )s satisfies e2 = e ∈ Rf ⊆
Rs ⊆ Ra, and 1 − e = (1 − f )(1 − s) ∈ R(1 − s). But then s − e = (1 − e)s − e(1 − s) ∈
R(s − s2) ⊆ I . Since a¯ = s¯, we have a − e ∈ I as required. 
Regarding Example 32, note that in Example 23 every element of R is the sum of an
idempotent and an element of I , but I is not strongly lifting.
Corollary 33. Every I -semiregular ring is I -potent.
Proof. Let T  I be a right ideal. If a ∈ T − I, let e2 = e ∈ aR with a − ae ∈ I . Then
e ∈ T − I . 
Example 52 below displays an I -semipotent ring R with R/I regular that is not I -semi-
regular.
Example 34. If R has no idempotents except 0 and 1, the following are equivalent for
I R, I = R:
(1) R is I -semiregular.
(2) R is I -semipotent.
(3) R − I consists of units.
(4) R is local and I = J .
Proof. (4) ⇒ (1) ⇒ (2) always hold using Corollary 33.
(2) ⇒ (3). If a /∈ I , choose e2 = e ∈ aR−I by (2). In particular, e = 0 so, by hypothesis,
e = 1 and so aR = R. Similarly, Ra = R.
(3) ⇒ (4). Let a ∈ I . Then 1 − a /∈ I , so I is quasi-regular by (3). Hence I ⊆ J , and
this is equality, again by (3). Now (4) follows. 
The next result gives a different proof of [10, Theorem 2.4].
Corollary 35. A ring R is Zr -semiregular if and only if R is semiregular and J = Zr .
Proof. One implication is clear. If R is Zr -semiregular then J ⊆ Zr because R/Zr is
regular. To see that Zr ⊆ J , let a ∈ Zr ; we must show that R(1 − xa) = R. We have
r(xa) ⊆ess RR so r(1 − xa) = 0 because r(xa)∩r(1 − xa) = 0. Hence (1 − xa)R ∼= RR
is projective. On the other hand, since R is Zr -semiregular, we have (1 − xa)R = eR ⊕U
where U ⊆ Zr . Thus U is singular and projective, and so U = 0 [10, Lemma 2.1]. It follows
that (1 − xa)R is a summand of R, and so R(1 − xa) is also a summand, say R(1 − xa) =
Rf where f 2 = f . But then 1 − f ∈ r(1 − xa) = 0, so f = 1 and R(1 − xa) = R, as
required. 
We now apply the results about I -semiregular rings in the following special case.
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(1) R/I is semisimple and idempotents lift strongly modulo I .
(2) I respects every right (respectively left) ideal of R.
(3) I respects every countably generated right (respectively left) ideal of R.
(4) R is I -semipotent and I respects ⊕∞i=1 eiR (respectively ⊕∞i=1 Rei ) for any orthogo-
nal idempotents ei ∈ R.
(5) R is I -semipotent and contains no infinite orthogonal family of idempotents outside I .
(6) R is I -semipotent and R/I is semisimple.
Proof. The left versions of (2), (3), and (4) follow from the symmetry of the other condi-
tions. Write R = R/I and r¯ = r + I for r ∈ R.
(1) ⇒ (2). If T is a right ideal of R, write T¯ = x¯R where x¯2 = x¯. We may assume
that x ∈ T . Choose f 2 = f ∈ xR ⊆ T such that f¯ = x¯. Then f¯ R¯ ⊆ T¯ = x¯R = f¯ R, so
f¯ R = T¯ , that is fR + I = T + I . Since fR ⊆ T ⊆ fR + I , we obtain T = fR + (T ∩ I )
by the modular law. Similarly, T = fR ⊕ [T ∩ (1 − f )R] = fR ⊕ S where S = [fR +
(T ∩ I )] ∩ (1 − f )R. Since S ⊆ I , this proves (2).
(2) ⇒ (1). Given (2), R is I -semiregular, so idempotents lift strongly modulo I by
Theorem 28. Moreover, R/I is semisimple because, if T¯ = T/I is a right ideal of R and
T = eR ⊕ S where e2 = e and S ⊆ I , then T¯ = e¯R.
(2) ⇒ (3) ⇒ (4). This is clear by Theorem 28 and Corollary 33.
(4) ⇒ (5). Suppose that {ei | i  1} are orthogonal idempotents with ei /∈ I for each i,
and write T =⊕∞i=1 eiR. By (4) let T = eR⊕S where e2 = e and S ⊆ I . If e ∈⊕ni=1 eiR
then T = (⊕ni=1 eiR)+ S, so ek ∈ ekS ⊆ I for all k > n, a contradiction.
(5) ⇒ (2). If (2) fails then Lemma 26 provides a right ideal T of R such that
T ∩ (1 − e)R  I for all e2 = e ∈ T . By Lemma 19, choose e21 = e1 ∈ T − I, so that
T = e1R ⊕ T1 where T1 = T ∩ (1 − e1)R  I . Again by Lemma 19, choose f 21 = f1 ∈
T1 − I . Then e1f1 ∈ e1T1 = 0 so, if e2 = f1(1 − e1), then {e1, e2} ⊆ T is an orthogonal set
of idempotents, and e2 /∈ I because e2f1 = f1 /∈ I . Continuing the construction, suppose
that {e1, e2, . . . , en} ⊆ T are orthogonal idempotents such that ei /∈ I for each i, and write
e = e1 + e2 + · · · + en. Then e2 = e ∈ T and so T ∩ (1 − e)R  I . By Lemma 19, choose
f 2 = f ∈ T ∩ (1− e)R where f /∈ I . If we write en+1 = f (1− e) then {e, en+1} ⊆ T is or-
thogonal and en+1 /∈ I because en+1f = f /∈ I . Hence {e1, e2, . . . , en, en+1} is orthogonal
and the process continues inductively to contradict (5).
(5) ⇔ (6). Given (6), suppose that {ei | i  1} are orthogonal idempotents in R − I .
Then {e¯i | i  1} are orthogonal, nonzero idempotents in R, contradicting (6). This proves
(6) ⇒ (5); the converse is because (5) ⇔ (1). 
If I  R, the ring R is called I -semiperfect [11] if it satisfies the conditions in Theo-
rem 36.
Corollary 37. A ring R is Zr -semiperfect if and only if R is semiperfect and J = Zr .
Proof. One implication is clear. If R is Zr -semiperfect then it follows from Theorems 36
and 28 that R is Zr -semiregular. Thus Zr = J by Corollary 35. 
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nitely many orthogonal idempotents.
Proof. If F is a field, consider the product P =∏x∈X Fx where Fx = F for each x, write
D =⊕x∈X Fx, and define R to be the (unital) F -subalgebra of P generated by D. Then
D = soc(RR) and R/D ∼= F , so R is D-semiperfect by Theorem 10. Clearly, D contains
infinite families of orthogonal idempotents of cardinality |X|. 
Example 39. There exists a ring R such that R/Zr is a division ring (so idempotents lift
modulo Zr) but R is not Zr -semiperfect (in fact, not Zr -semiregular).
Proof. The example is due to Bergman; see [3, Example 1.36] and [11, Example 2.8]. 
Remark. If R is I -semiregular then R/I is regular and R is I -semipotent. In view of
condition (6) in Theorem 36, it is interesting to know if the converse is true. The answer is
“no” by Example 52 below.
Example 40. There is an artinian ring R that is both Zl- and Zl2-semiperfect but neither
Zr - nor Z
r
2-semiregular.
Proof. If
R =
[
Z4 Z2
0 Z2
]
,
then one verifies that
Sr =
[
2Z4 Z2
0 Z2
]
, Sl =
[
2Z4 Z2
0 0
]
,
Zr = l(Sr ) =
[
2Z4 0
0 0
]
and Zl = r(Sl) =
[
2Z4 Z2
0 0
]
.
Observe that R/Zl ∼= Z2 × Z2 and Zl is nilpotent, so R is Zl-semiperfect. Also Zl =
Sl ⊆essR R because R is left artinian, so Zl2 = R and R is Zl2-semiperfect. On the other
hand,
if
[
a x
0 y
]
∈ Zr2 then
[
a x
0 y
]
Sr ⊆ Zr,
and it follows that x = y = 0 and a ∈ 2Z4. Hence Zr2 = Zr . But
R/Zr ∼=
[
Z2 Z2
0 Z2
]
is not regular, so R is neither Zr - nor Zr2-semiregular. 
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This section contains some results on when the I -semiregular and I -semiperfect prop-
erties are inherited by related rings. The following result makes constant use of Theorems
28 and 36.
Proposition 41. Let R be an I -semiregular (respectively I -semiperfect) ring, where I R.
(1) If ϕ :R → S is an onto ring morphism then S is ϕ(I)-semiregular (ϕ(I)-semiperfect).
(2) If e2 = e ∈ R then eRe is eIe-semiregular (eIe-semiperfect).
Proof. (1) If b ∈ S, write b = ϕ(a) and choose e2 = e ∈ aR such that (1 − e)a ∈ I . If f =
ϕ(e) then f 2 = f ∈ bS and (1 − f )b ∈ ϕ(I), as required. Hence S is ϕ(I)-semiregular.
Since S/ϕ(I) ∼= R/(I + ker(ϕ)) is an image of R/I , the semiperfect case is proved.
(2) If a ∈ eRe, choose f 2 = f ∈ aR such that (1 − f )a ∈ I . Then ef = f because
f ∈ aR, so g = f e satisfies g2 = g ∈ a(eRe). Moreover, (1 − g)a = (1 − f )a ∈ I ∩
eRe = eIe, proving that eRe is eIe-semiregular. Hence idempotents in eRe lift strongly
modulo eIe. The semiperfect case now follows because eRe/eIe ∼= e¯Re¯ where R = R/I
and e¯ = e + I . 
Corollary 42. In the product R =∏x∈X Rx , let I =∏x∈X Ix where Ix Rx for each x.
(1) R is I -semiregular if and only if each Rx is Ix -semiregular.
(2) If X is finite then R is I -semiperfect if and only if each Rx is Ix -semiperfect.
Recall that a ∈ R is I -semiregular if e2 = e ∈ aR exists such that (1 − e)a ∈ I (see
Lemma 26).
Lemma 43. If I R and Mn(R) is Mn(I)-semiregular, then Mk(R) is Mk(I)-semiregular
for each k  n.
Proof. Given A ∈ Mk(R), write A =
[
A 0
0 0
] ∈ Mn(R). By hypothesis there exists E2 =
E ∈ AMn(R) such that (In − E)A ∈ Mn(I). Then E has block form E =
[
E X
0 0
]
where
E2 = E ∈ AMk(R). Moreover,
[
(Ik −E)A 0
0 0
]
= (In −E)A ∈ Mn(I).
Hence (Ik −E)A ∈ Mk(I), so A is Mk(I)-semiregular, as required. 
Lemma 44. Let a ∈ R and f 2 = f ∈ aR. If (1 − f )a is I -semiregular then a is I -semi-
regular.
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f )a ∈ I . Let g = e+f − ef. Then g2 = g because f e = 0, and g ∈ aR because f, e ∈ aR.
Finally, (1 − g)a = (1 − e)(1 − f )a ∈ I , so a is I -semiregular. 
Proposition 45. Let I  R, and let n 1. Then R is I -semiregular (respectively I -semi-
perfect) if and only if Mn(R) is Mn(I)-semiregular (respectively Mn(I)-semiperfect).
Proof. The semiperfect case follows from the semiregular result because: (a) A ring
R is I -semiperfect if and only if R is I -semiregular and R/I is semisimple; and
(b) Mn(R)/Mn(I) ∼= Mn(R/I).
If Mn(R) is Mn(I)-semiregular then R is I -semiregular by Lemma 43. Conversely, if
R is I -semiregular it suffices (by Proposition 41 and Lemma 43) to show that S = M2(R)
is M2(I )-semiregular. If A =
[
a b
c d
] ∈ S, we show that A is M2(I )-semiregular. Since c is
I -semiregular, there exists e2 = e = cr , r ∈ R, such that (1 − e)c ∈ I . If E = [ 0 are0 e ] then
E2 = E = A[ 0 re0 0 ] and (I2 − E)A = [ ∗ ∗(1−e)c ∗ ]. By Lemma 44, it is enough to show that
(I2 −E)A is M2(I )-semiregular, so we may assume that c ∈ I .
In that case, choose f 2 = f = as, s ∈ R, such that (1 − f )a ∈ I . If F = [ f 0
csf 0
]
then
F 2 = F = A[ sf 00 0 ] and (I2 −F)A = [ (1−f )a ∗c(1−sf a) ∗ ]. Since (1 − f )a ∈ I and c(1 − sf a) ∈ I ,
we may assume that a, c ∈ I , again by Lemma 44.
Next choose g2 = g = bt , t ∈ R, such that (1 − g)b ∈ I . If G = [ g 0
dtg 0
]
then G2 = G =
A
[ 0 0
tg 0
]
and (I2 −G)A =
[ (1−g)a (1−g)b
c−dtga ∗
]
. Since each entry of (I2 −G)A except ∗ is in I ,
we may assume that a, b, c ∈ I as before.
Finally, let h2 = h = du, u ∈ R, where (1 − h)d ∈ I . If H = [ 0 buh0 h ] then
H 2 = H = A
[
0 0
0 uh
]
and (I2 −H)A =
[
a − buhc b − buhd
(1 − h)c (1 − h)d
]
∈ M2(I ).
This shows that A is M2(I )-semiregular, as required. 
A function N() from rings to general rings will be called an ideal map if N(R)R for
each ring R. Examples include the Jacobson, Baer (or prime) and Levitzky radicals, the
right and left singular ideals, and the right and left socles. Propositions 41 and 45 imply
the following two results.
Proposition 46. If N is an ideal map, assume the following conditions:
(E) N(eRe) = eN(R)e whenever e2 = e ∈ R satisfies ReR = R.
(M) N [Mn(R)] = Mn[N(R)] for each n.
Then “R is N(R)-semiregular” and “R is N(R)-semiperfect” are Morita invariant prop-
erties.
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(H) ϕ[N(R)] ⊆ N(S) whenever ϕ :R → S is an onto ring morphism.
If R is N(R)-semiregular (respectively N(R)-semiperfect) then every image S of R is
N(S)-semiregular (respectively N(S)-semiperfect).
6. The Goldie torsion ideal
If M is a module, we write Z2(M) for the Goldie torsion submodule, defined by
Z2(M)/Z(M) = Z[M/Z(M)]. Recall that we write Zr2 = Z2(RR) for the Goldie torsion
ideal of R.
Lemma 48. The following are equivalent for a module M :
(1) If N ⊆ M is a submodule then N = A⊕B where A ⊆⊕ M and B ⊆ Z2(M).
(2) M = Z2(M)⊕X where X is semisimple.
(3) M/Z2(M) is semisimple.
Proof. (1) ⇒ (2). Let X be a submodule of M maximal with respect to Z2(M) ∩ X = 0.
For any submodule Y of X, (1) gives Y = A ⊕ B where A ⊆⊕ M and B ⊆ Z2(M). Thus
B ⊆ Z2(M) ∩ Y = 0, so Y ⊆⊕ M . It follows that X ⊆⊕ M and that X is semisimple.
Write M = X ⊕ X′. Since Z2(M) ⊕ X ⊆ess M and X is closed in M , we have Z2(M) ∼=
[Z2(M)+X]/X ⊆ess M/X. Thus, X′ ∼= M/X is Goldie torsion, and hence X′ ⊆ Z2(M).
Therefore, M = X ⊕Z2(M).
(2) ⇒ (3) is obvious.
(3) ⇒ (1). Let N be a submodule of M . Let U be a submodule of N maximal
with respect to Z2(N) ∩ U = 0 and X a submodule of M maximal with respect to
U ⊆ X and Z2(M) ∩ X = 0. Since Z2(M) ⊕ X ⊆ess M and Z2(M) is closed in M ,
[Z2(M) ⊕ X]/Z2(M) ⊆ess M/Z2(M). Since M/Z2(M) is semisimple by (3), [Z2(M) ⊕
X]/Z2(M) = M/Z2(M). It follows that M = Z2(M)⊕X and so X ∼= M/Z2(M) is semi-
simple. Write X = U ′ ⊕U . Then M = Z2(M)⊕U ′ ⊕U and N = [N∩(Z2(M)⊕U ′)]⊕U .
Since Z2(N)⊕U ⊆ess N and U is closed in N , Z2(N) ∼= [Z2(N)⊕U ]/U ⊆ess N/U . This
shows that N/U is a Goldie torsion, and hence N ∩ [Z2(M) ⊕ U ′ ] ⊆ Z2(N). Therefore,
N = Z2(N)⊕U with U ⊆⊕ M . 
The equivalence (2) ⇔ (8) in the following theorem is in Golan [4, Proposition 5.10].
Theorem 49. The following are equivalent for a ring R:
(1) R is Zr2-semiperfect.
(2) RR = Zr2 ⊕U where U is a semisimple (right) ideal.
(3) R/Zr2 is a semisimple artinian ring.
(4) Zr respects every maximal right ideal of R.2
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(6) For any module MR , M/Z2(M) is semisimple.
(7) For any module MR and submodule N ⊆ M , N = A ⊕ B where A ⊆⊕ M and B ⊆
Z2(M).
(8) Every nonsingular right R-module is injective.
Proof. Note that, for (2), if R = Zr2 ⊕U with UR semisimple then U must be an ideal of
R. The equivalences (1) ⇔ (2) ⇔ (3) and (5) ⇔ (6) ⇔ (7) are by Lemma 48.
(1) ⇒ (4) and (5) ⇒ (2) are obvious.
(4) ⇒ (3). It follows from (4) that every maximal right ideal of R/Z2(R) is a summand
of R/Z2(R) and hence R/Z2(R) is semisimple.
(3) ⇒ (6). For any module M , there exists an onto R-morphism f :R(X) → M where X
is an index set. We have R(X)/Z2(R(X)) = R(X)/(Z2(R))(X) ∼= (R/Z2(R))(X) is semisim-
ple by (3). It follows that M/f (Z2(R(X))) is semisimple. Hence M/Z2(M) is semisimple
since f (Z2(R(X)) ⊆ Z2(M).
(8) ⇒ (6). It follows from (8) that every nonsingular module is semisimple, and so (6)
holds.
(5) ⇒ (8). Let N be a nonsingular module. By (5), N is semisimple and R = Z2(R)⊕U
with U semisimple. Clearly, N is Z2(R)-injective. Moreover, N is U -injective (since U is
semisimple). So, N is (Z2(R)⊕U)-injective, that is, N is injective. 
Recall that a module MR is called P -injective if every R-homomorphism f :aR → M ,
a ∈ R, extends to a homomorphism from R to M .
Proposition 50. The implications (1) ⇒ (2) ⇒ (3) ⇔ (4) hold in any ring R:
(1) R = Zr2 ⊕U where U is an ideal such that xR ⊆⊕ UR for each x ∈ U .
(2) R is Zr2-semiregular.
(3) R/Zr2 is regular.
(4) Every nonsingular right R-module is P-injective.
Proof. (1) ⇒ (2). For any x ∈ R, write x = x1 + x2 where x1 ∈ Zr2 and x2 ∈ U . Since
R = Zr2 ⊕ U is a ring direct sum, xR = x1R ⊕ x2R where x2R is a summand of UR and
hence a summand of RR and x1R ⊆ Zr2. So R is Zr2-semiregular.
(2) ⇒ (3). This is by Theorem 28.
(4) ⇒ (3). For a ∈ R, let π :aR → aR/Z2(aR) be the canonical map. Since
aR/Z2(aR) is nonsingular as a right R-module, aR/Z2(aR) is P -injective by (4). Thus,
π = c· for some c ∈ aR/Z2(aR). Write c = ar + Z2(aR). Then ara + Z2(aR) = ca =
π(a) = a +Z2(aR). It follows that a − ara ∈ Z2(aR) ⊆ Zr2.
(3) ⇒ (4). Let MR be a nonsingular module and f :aR → MR an R-morphism. Then
Z2(aR) ⊆ ker(f ) and f induces an R-morphism f¯ : aR/Z2(aR) → M . Let π :aR →
aR/Z2(aR) be the canonical map and σ :aR/Z2(aR) → (aR + Zr2)/Zr2 be the R-
isomorphism given by σ(ar + Z2(aR)) = ar + Zr2, r ∈ R. Then the R-homomorphism
f¯ σ−1 : (aR + Zr2)/Zr2 → M is also an R/Zr2-morphism. Since R/Zr2 is a regular ring
by (3), (aR+Zr)/Zr is a summand of R/Zr as a right ideal. So f¯ σ−1 extends to an R/Zr -2 2 2 2
816 W.K. Nicholson, Y. Zhou / Journal of Algebra 285 (2005) 795–818morphism g :R/Zr2 → M . Clearly, g extends f¯ σ−1 as R-morphisms. Let h :R → R/Zr2
be the canonical R-morphism. Then gh :R → MR extends f . 
In Proposition 50, (2)  (1) and (3)  (2) by the following examples (in contrast to
Theorem 49).
Example 51. There exists a commutative Zr2-semiregular ring R such that Z
r
2 is not a direct
summand of RR .
Proof. Let Q =∏∞i=1 Fi where F1 = Z4 and Fi = Z2 for each i > 1. Define R to be the
subring of Q generated by 2F1 ⊕ (⊕∞i=2 Fi) and 1Q. Then soc(R) = 2F1 ⊕ (⊕∞i=2 Fi) is
the unique proper essential ideal of R. Clearly, Zr2 = 2F1 = Zr is not a direct summand
of R. Moreover, R/Zr2 is a regular ring. Since Z
r
2 is nilpotent, idempotents lift strongly
modulo Zr2 by Proposition 7, so R is Z
r
2-semiregular. 
Example 52. There exists a commutative ring R such that R/Zr2 is regular, R is Z
r
2-semi-
potent, idempotents lift modulo Zr2, but R is not Z
r
2-semiregular.
Proof. Let
R1 =
{[
n m
0 n
]
: n,m ∈ Z
}
and K =
{[
2n m
0 2n
]
: n,m ∈ Z
}
,
and, for any natural number j , let
Kj =
{[
0 m
0 0
]
: m ∈ jZ
}
.
Then R1 is a ring and K,Kj are ideals of R1. Let Q =∏∞i=1 Fi where each Fi = Z2, and
R2 = 〈⊕∞i=1 Fi,1Q〉 be the subring of Q generated by ⊕∞i=1 Fi and 1Q. Set T = R1 ⊕R2
and let
R =
〈
K ⊕
( ∞⊕
i=1
Fi
)
,1T
〉
be the subring of T generated by K ⊕ (⊕∞i=1 Fi) and 1T . Thus x ∈ R if and only if x =
(a, b) + l · 1T = (a, b) + l(1R1,1R2) where a ∈ K,b ∈
⊕∞
i=1 Fi and l ∈ Z. Note that an
ideal I of R is essential if and only if I ⊇ Kj ⊕ (⊕∞i=1 Fi) for some natural number j .
(1) Z(R) = K1: Easy to verify.
(2) Z2(R) = K : Let I = K1 ⊕ (⊕∞i=1 Fi). Then I is an essential ideal of R. Since
K(I 2) = 0, K ⊆ Z2(R). For x ∈ Z2(R), write
x =
([
2n m
0 2n
]
, b
)
+ l
([
1 0
0 1
]
,1R2
)
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xU ⊆ Z(R) = K1. It must be that l ∈ 2Z and b = 0. So x ∈ K .
(3) R/Z2(R) is a regular ring: R/Z2(R) = {(0, b)+ l · 1T | b ∈⊕∞i=1 Fi , l = 0 or 1}
with all elements idempotent.
(4) R is not Z2(R)-semiregular: Let
x = 3 · 1T =
([
3 0
0 3
]
,1R2
)
∈ R.
Assume that Rx = Re ⊕U where e2 = e and U ⊆ Z2(R). Then there exists
r =
([
n m
0 n
]
, b
)
∈ R
with n,m ∈ Z and b ∈ R2 such that
e = rx =
([
n m
0 n
]
, b
)([
3 0
0 3
]
,1R2
)
=
([
3n 3m
0 3n
]
, b
)
.
Then
e = e2 =
([
9n2 18nm
0 9n2
]
, b2
)
,
implying 9n2 = 3n, 18nm = 3m, and b2 = b. So n = 0 = m, and hence
e =
([
0 0
0 0
]
, b
)
with b2 = b.
Since e ∈ R, b ∈⊕∞i=1 Fi . Thus, x ∈ Re ⊕U ⊆ (⊕∞i=1 Fi)⊕K , which is impossible.
(5) For any x ∈ R −Z2(R), yxy = y for some y ∈ R −Z2(R). Write
x =
([
2n m
0 2n
]
, b
)
+ l
([
1 0
0 1
]
,1R2
)
where n,m, l ∈ Z and b ∈ ⊕∞i=1 Fi . There exists k > 0 such that b ∈ ⊕ki=1 Fi . If 2  l,
choose y = (0,1Fk+1) ∈ R − Zr2 and yxy = y. If 2 | l then b = 0 since x /∈ Z2(R). Let
y = (0, b) ∈ R −Z2(R). Then yxy = y. Hence R is Z2(R)-semipotent.
(6) For all x ∈ R there exists y2 = y ∈ R such that x − y ∈ Z2(R). Write
x =
([
2n m
0 2n
]
, b
)
+ l
([
1 0
0 1
]
,1R2
)
∈ R
where m,n, l ∈ Z and b ∈⊕∞i=1 Fi . If l is odd then 2 | (1 − l) and x = y + z where
y =
([
1 0
0 1
]
,1R2
)
+ (0, b)
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z =
([
2n− 1 + l m
0 2n− 1 + l
]
,0
)
∈ Z2(R).
If 2 | l then x = y + z where y = (0, b) is an idempotent of R and
z =
([
2n+ l m
0 2n+ l
]
,0
)
∈ Z2(R). 
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